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Abstract
The interaction between gravitons and fermions is investigated in the teleparallel gravity. The
scattering of fermions and gravitons in the weak field approximation is analyzed. The transition
amplitudes of M∅ller, Compton and new gravitational scattering are calculated.
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I. INTRODUCTION
In Einstein theory, the gravitational field which uses Christoffel symbols cannot couple to
any fermion field. However approximations to the exact theory, like gravitoelectromagnetism
(GEM) and others, have accomplished coupling to fermions and/or bosons in a cartesian
quantum field theory. In such theories scattering processes between fermions and bosons
have been calculated both at zero and finite temperatures [1, 2]. Teleparallel gravity is
an alternative theory of gravitation in which the tetrad field is the dynamical variable.
It is equivalent to general relativity, however it is constructed in terms of torsion instead
of the curvature. In the framework of teleparallel gravity the coupling between fermions
and gravity is accomplished by the contorsion tensor [3]. Then it is possible to study the
scattering amplitude between gravitons and fermions.
Teleparallel gravity was first introduced by Einstein in an attempt to construct a unified
field theory [4]. The equivalence between two theories is achieved by identities involving the
curvature scalar. There is a dynamical equivalence except for some aspects in particular a
definition of the gravitational energy. The main advantage of teleparallel gravity is the fact
that the gravitational energy and angular momentum are well defined. It has been applied
over the years to explain the acceleration of the universe [5] and the general definition of
entropy [? ] as well as the role of the gravitational energy-momentum tensor [3] in general.
In particle physics the lagrangian that defines the dynamics is in cartesian coordinates.
The interaction between particles is written such that dynamical processes are displayed in
terms of Feynman graphs that shows propagators and interactions among particles. For in-
stance the interaction between the Dirac field and the electromagnetic field leads to Feynman
graphs for calculating scattering processes such as M∅ller, Compton and others scattering
processes [6].
Although the field equations of general relativity and teleparallel gravity are equivalent.
For the linearized version, the graviton propagator definition is different. In general rela-
tivity the graviton propagator is defined using the scalar curvature. In teleparallel gravity
the graviton propagator is obtained by writing the lagrangian density in the weak field
approximation. In this article the scattering between fermions and gravitons is calculated
using teleparallel gravity with weak field approximation. The process is calculated using the
lagrangian density of teleparallel gravity which is invariant under global Lorentz transfor-
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mation. The general relativity is invariant under local and global Lorentz transformation.
In section II, some details of the teleparallel gravity are recalled. In section III, the scat-
tering amplitude among gravitons and fermions: M∅ller, Compton and new gravitational
scattering are given. Finally in the last section some concluding remarks are presented.
Notation: The quantities with Latin indices, a = (0), (i), transform under SO(3,1)
symmetry, while the ones with Greek indices, µ = 0, i, follow diffeomorphisms. We use
~ = c = G = 1.
II. TELEPARALLEL EQUIVALENT TO GENERAL RELATIVITY (TEGR)
In general relativity the Christoffel symbols 0Γµλν and the metric tensor play central roles.
It is possible to describe general relativity in terms of the tetrad field ea ν which is adapted
to some observer. Such a relation is settled once e(0)
ν is associated to the 4-velocity of the
observer. Thus given a metric tensor there are an infinite number of tetrads, gµν = e
a
µeaν ,
each one describing a reference frame [3].
It is well known that Riemannian geometry is described by curvature and a vanishing
torsion. On the other hand it is equivalent to a geometry, the Weitzenbo¨ck space-time,
described by torsion and a vanishing curvature. In order to describe such a relationship
a manifold endowed with the connection Γµλν , known as the Cartan connection, which is
explicitly given by Γµλν = eaµ∂λe
a
ν is considered. It defines a torsion as
T a λν = ∂λe
a
ν − ∂νea λ . (1)
The Cartan connection satisfies the following identity
Γµλν =
0Γµλν +Kµλν , (2)
where
Kµλν =
1
2
(Tλµν + Tνλµ + Tµλν) (3)
is the contortion tensor. Thus it is possible to write the curvature scalar R(0Γ) in terms of
the torsion tensor
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eR(0Γ) ≡ −e(1
4
T abcTabc +
1
2
T abcTbac − T aTa) + 2∂µ(eT µ) , (4)
where e is the determinant of the tetrad field, Ta = T
b
ba and Tabc = eb
µec
νTaµν . Then a
gravitational theory equivalent to the general relativity is established using the following
lagrangian density
L = −ke(1
4
T abcTabc +
1
2
T abcTbac − T aTa)− LM , (5)
where k = 1/16pi and LM stands for the lagrangian density of the matter field. Here LM
represents the lagrangian density of the Dirac field.
It is convenient to rewrite the lagrangian density as
L ≡ −keΣabcTabc − LM , (6)
where
Σabc =
1
4
(T abc + T bac − T cab) + 1
2
(ηacT b − ηabT c) . (7)
Performing a variation with respect to the tetrad field yields the field equation
eaλebµ∂ν(eΣ
bλν)− e(Σbν aTbνµ − 1
4
eaµTbcdΣ
bcd) =
1
4k
eTaµ , (8)
where δLM/δe
aµ = eTaµ. This field equation is equivalent to the Einstein equation. Then
we express the field equation as
∂ν(eΣ
aλν) =
1
4k
e ea µ(t
λµ + T λµ) , (9)
where T λµ = ea
λT aµ and tλµ = k(4ΣbcλTbc
µ − gλµΣbcdTbcd) . The quantity, tλµ, is the grav-
itational energy-momentum tensor [7, 8]. Using tλµ, it is possible to construct a proper
definition of an energy-momentum vector, by integrating over a 3-dimensional hypersurface,
which is independent of coordinate transformations and dependent only on the reference
frame.
III. GRAVITON AND FERMION SCATTERING
Here the graviton propagator for the teleparallel gravity in the weak field approximation
is calculated. Then the vertex and transition amplitude for the interaction among gravitons
and fermions are obtained.
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A. Graviton propagator
The free lagrangian for the teleparallel gravity is given as
Lg = −keΣabcTabc , (10)
where Tabc = eb
µec
νTaµν and Taµν = ∂µeaν − ∂νeaµ. Then we have
Lg = −keΣabceb µec νTaµν ,
= −2keΣabceb µec ν(∂µeaν),
= −2ke
[
1
4
(T abc + T bac − T cab) + 1
2
(ηacT b − ηabT c)
]
eb
µec
ν(∂µeaν) , (11)
where eq. (7) is used. The lagrangian i as
Lg = −2ke
[
1
4
(
Lg1 + Lg2
)
+
1
2
Lg3
]
, (12)
where
Lg1 = T
abceb
µec
ν(∂µeaν) = (∂
µeaν)(∂µeaν)− (∂νeaµ)(∂µeaν) , (13)
Lg2 = (T
bac − T cab)eb µec ν(∂µeaν)
= [ea λe
c
γ(∂
λebγ − ∂γebλ)− ea λeb γ(∂λecγ − ∂γecλ)]eb µec ν(∂µeaν) ,
= (∂νe
c
γ)(∂
γec
ν) + (∂νe
cγ)(∂γec
ν) + (∂λe
cλ)(∂µec
µ)− gλν(∂µecλ)(∂µec ν) , (14)
and
Lg3 = (η
acT b − ηabT c)eb µec ν(∂µeaν)
= ed λ(∂
λed
µ − ∂µed λ)ea ν(∂µeaν)− ed λ(∂λed ν − ∂νed λ)ea µ(∂µeaν) ,
= eaνedλ(∂
λedµ)(∂µeaν)− eaνedλ(∂µedλ)(∂µeaν) +
+ eaµedλ(∂
νedλ)(∂µeaν)− (∂λeaλ)(∂µeaµ) . (15)
Then the total lagrangian is
Lg = −2ke
[
1
4
(
(∂µeaν)(∂µeaν)− (∂νeaµ)(∂µeaν) + (∂νec γ)(∂γec ν) + (∂νecγ)(∂γec ν) +
+ (∂λe
cλ)(∂µec
µ)− gλν(∂µecλ)(∂µec ν)
)
+
1
2
(
eaνedλ(∂
λedµ)(∂µeaν)− eaνedλ(∂µedλ)(∂µeaν) +
+ eaµedλ(∂
νedλ)(∂µeaν)− (∂λeaλ)(∂µeaµ)
)]
. (16)
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Using the relations
∂µe = e ea
ν∂µe
a
ν , (17)
eaµ(∂λe)g
λν(∂µeaν) = e
aµ(∂λe)(∂µea
λ)− (∂λe)(∂νgλν) , (18)
(∂νe
cγ)(∂γec
ν) = ec λ(∂νg
γλ)(∂γec
ν) + (∂νecλ)(∂
λecν) , (19)
gλν(∂
µecλ)(∂µec
ν) = −ec λ(∂µgλν)(∂µecν) + (∂µecν)(∂µecν) , (20)
(∂λe
cλ) = ec ν(∂λg
νλ) + (∂λec λ) , (21)
the lagrangian becomes
Lg = −2ke
[
1
4
(
(∂νe
c
γ)(∂
γec
ν)− (∂λea λ)(∂µea µ) + ec λ(∂νgγλ)(∂γec ν) +
+ ec ν(∂λg
νλ)(∂µec
µ) + ec
λ(∂µgλν)(∂µe
cν)
)
+
1
2e
(
(∂λe)(∂νg
λν) +
1
e
(∂µe)(∂µe)
)]
.(22)
In the weak field approximation
gµν = ηµν + hµν , (23)
we get
Lg ' ecλDacλγeaγ, (24)
where
Dacλγ = kηac∂γ∂λ. (25)
The graviton propagator, ∆bdλγ, is obtained using the equation
Dacλγ∆bdλγ =
i
2
(δab δ
c
d + δ
c
bδ
a
d) ,
∆bdλγ =
iηbd
kqλqγ
. (26)
This propagator is represented in FIG. 1. The propagator in linearized general relativity
is Dµναβ = i
(
ηµαηνβ+ηµβηνα−ηµνηαβ
2q2
)
. It is clear that a more complicated form is due to the
fact that the divergence part is dropped to obtain the lagrangian density of the teleparallel
gravity.
B. Graviton-Fermion vertex
The lagrangian for the Dirac field is given as
LM = e
[
i
2
(
Ψ¯γµDµΨ−DµΨ¯γµΨ
)−mΨ¯Ψ] , (27)
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FIG. 1. Graviton Propagator
where the covariant derivative is
DµΨ = ∂µΨ +
i
4
KµabΣ
abΨ (28)
with Kµab being the contortion tensor, Σ
ab = i
2
[γa, γb] and m is the mass. The interaction
lagrangian becomes
Li = −e
8
(
Ψ¯γµKµabΣ
abΨ + Ψ¯KµabΣ
abγµΨ
)
. (29)
Using
KµabΣ
ab = eb
ν (∂µeaν − ∂νeaµ) Σab + eb νgµλ∂νea λΣab, (30)
the lagrangian is written as
Li = Ψ¯ebσV
abσνeaνΨ, (31)
where
V abσν =
ie
8
Σabησν (γµq2µ + q2µγ
µ) , (32)
is the vertex of the interaction between two gravitons and two fermions as represented in
FIG.2.
FIG. 2. Graviton-Fermion Vertex
In order to write the interaction vertex between two fermions and one graviton we use
the approximation
eaν = δaν + φaν , (33)
where δaν is the Kronecker delta and φaν is a weak tetrad field. Thus
Li = Ψ¯ (δaν + φaν)V
abσν (δbσ + φbσ) Ψ. (34)
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Using Σλ
λ = 0 since [γσ, γ
σ] = 0, we get
Li = Ψ¯VbσφbσΨ, (35)
where Vbσ is the vertex given as
Vbσ = ie
4
Σbσ (γµqµ + qµγ
µ) . (36)
This vertex is represented in FIG.3.
FIG. 3. Graviton-Fermion Vertex
To calculate processes involving fermions and gravitons the fermion propagator is neces-
sary. It is given as
S0(p) = i
/p+m
p2 −m2 , (37)
and represented in FIG. 4.
FIG. 4. Fermion Propagator
C. Transition amplitude
The transition amplitude, −iM, is calculated for processes involving gravitons and
fermions.
1. M∅ller scattering
The gravitational M∅ller scattering is given in FIG. 5.
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FIG. 5. M∅ller scattering
The transition amplitude for this process is
− iM = u¯(p2)Vbσu(p1)∆bdσγu¯(p4)Vdγu(p3), (38)
where Vbσ is the vertex and ∆bdσγ is the graviton propagator. Therefore the transition
amplitude for this scattering is
M = e
2
16k
u¯(p2)u(p1) (γ
µqµ + qµγ
µ)
ΣσbΣγ b
qσqγ
(γνqν + qνγ
ν) u¯(p4)u(p3). (39)
2. Compton scattering
The gravitational Compton scattering is given in FIG. 6.
FIG. 6. Compton scattering
The transition amplitude for this process is
− iM = u¯(p2)VbσS0(p)ηbc ησνVcµu(p1), (40)
then
M = e
2
16
u¯(p2)Σ
bσ (γµq1µ + q1µγ
µ)
(
/p+m
p2 −m2
)
ηbcησµΣ
cµ (γαq2α + q2αγ
α)u(p1). (41)
3. New gravitational scattering
In the framework of teleparallelism, another scattering process arises, as given in FIG. 7.
For this process we have
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FIG. 7. New gravitational scattering
− iM = u¯(p2)Vbσu(p1)∆bdσγu¯(p4)Vdγu(p3), (42)
which yields
M = e
2
16k
u¯(p2) (γ
µq1µ + q1µγ
µ)u(p1)
ΣσbΣγ b
qσ2 q
γ
2
u¯(p4) (γ
νq3ν + q3νγ
ν)u(p3). (43)
This expression is used to calculate the scattering cross section between fermion and graviton.
The scattering matrix is S = 1−iT , where T →M. The cross section for M∅ller, Comp-
ton and new gravitational scattering is easily calculated. It’s interesting to note that in GEM
theory the vertex shows a graviton and two fermions. Here there is a pre-existing graviton
which modifies the momenta of the fermions whose encounter yields another graviton.
IV. CONCLUSION
The scattering amplitude between fermions and gravitons is calculated using weak field
approximation. One of the gravitons in the interaction vertex takes into account the torsion
of the space-time. It is important to point out that the propagator obtained in teleparallel
gravity is different from the one in general relativiy. This is due to the difference between
symmetries of two theories. The scalar curvature is invariant under local and global Lorentz
transformation. On the other hand teleparallel gravity is invariant under only global trans-
formation. The Christoffel symbols are linked to contorsion, then the interaction between
gravitons and photons assumes the same form as in general relativity. Using this formalism
it is not possible to establish an interaction between gravitons and fermions with photons.
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